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2. Distributed Elements Systems

In the transducer design, especially in the high frequency range, we meet problems where the
dimensions of the transducer dynamic structure are comparable to the wavelength. We must
thus consider wave propagation through such a system for its precise description. The
behaviour of distributed elements systems is determined by the dimensions of a system, the
physical constants and the system boundary conditions. The description of these systems leads
to solutions expressed by series of modes or natural frequencies. The knowledge of these
frequencies is important especially in large-band systems. If we are interested only in a
narrow frequency band in the vicinity of one of the modes we can often describe a system by
asimplified reduced-order model.

2.1 One-Dimensional Systems

A one-dimensiona system with distributed parameters is a system whose dimensions on the
plane perpendicular to the longitudinal axis are small compared with the wavelength. The
cross-section of the system and other parameters, such as coefficient of absorption, or electric
resistance per length unit, can be functions of the length coordinate. Systems with identical
properties along their whole length are caled uniform. A cable line used in
telecommunicationsis atypical one-dimensional electric system. A long narrow tube is a case
of one-dimensional acoustic system. In mechanics, one-dimensional systems are represented
by strings and bars. Strings are assumed to be perfectly flexible; their stiffness is obtained by
means of tension by external forces paralel to the string length. Bars possess their own
internal stiffness. In this chapter, we will describe some cases of one-dimensional solid and
gas-filled structures that can be encountered in the transducer design.

Longitudinal Wavesin a Bar

One of the simplest one-dimensional structures is a slender bar with a uniform cross-section
loaded with a uniform stress on its end faces and with the dimensions shown in Figure 2.1.
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Figure 2.1 A long slender bar with an axial load.

The material properties of the bar are the Young's modulus E and the density r. If we
consider the loading force F equal to zero, we can write the equation of motion for the
longitudinal displacement uy in the form:

Toue _r T2y _ 1 9P,

x> E qt2 ¢ qt?

We can deduce from the Equation (1) the value of the longitudinal or extensional or

compressional velocity:
Ce = \/rE 2

(1)
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We will see later that this velocity is different from that in thin plate or in bulk material. The
Equation (1) was written under the assumption that there are no lateral displacements.
Generaly, this assumption is not valid but can be approximated in the case of very thin bar.
Several authors searched the approximation for the extensional velocity in bars of lateral
dimensions comparable to the wavelength. We will show here the expression approximating
the extensional velocity by considering the lateral displacements:
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In the expression (3), kp = 2pf/cp isthe wave number, s = uy/ux Is the Poisson ratio and

Im is the moment of inertia of the cross-section related to the axis of the bar. For rectangular
cross-section corresponding to the Figure 1.1, we have:
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A mechanical plane wave in a slender bar can be modelled by using the analogy with the
electromagnetic wave propagating along long lines. We will suppose that a bar is composed
of short segments of an infinitesimal length dx. Each of these segments has a mass dm and a
compliance dc:

dm = rAdx , dc = & (5)
EA
The corresponding model is shown in Figure 2.2.
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Figure 2.2 Equivalent circuit for plane wavesin athin bar.

The input mechanical impedance of a slender bar can be, with the aid of this model, expressed
as.

Z, = jwdm + 1 : (6)

jwdc +

1
jwdc +

jwdm +

It is sometimes more convenient to work with a model based on the solution of a plane wave
propagation in a slender bar. This model, unlikely to that shown in Figure 2.2, has a finite
number of elements but the value of each element is frequency dependent. The general form
of amodel corresponding to the simple lossless structure in Figure 2.1 is shown in Figure 2.3.
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Figure 2.3 Plane waves in athin bar modelled by the equivalent circuit with non-constant
elements.

The impedances Z, and Zy, in this circuit are:

Z, = jcrAtanW—L , Zp = crA__; (7
2cp jsin (wL/cp)

Transverse Wavesin a Bar

There are a lot of different configurations in MEMS based devices using transversal
movement of bars. The mode of transversal vibrations depends on the type of bar excitation.
Shear, torsion and bending are the basic cases of transversal vibrations of a bar.

In a shear motion, the particles vibrate perpendicularly to the direction of propagation. This
type of waves can be generated in abar if the dimensions satisfy the empirical condition:

w,h<L/2 (8

The equation of motion in the case of shear waves has the form of a longitudinal wave
equation where the longitudinal displacement is replaced by the displacement perpendicular to
the bar axis. The velocity of shear wavesis given as:

Cs = |— )

where G is the shear elastic modulus that can be expressed with the aid of the Young's
modulus E and the Poisson ratio s as.

B / E
G = 2(s +1) (10

A torsional motion involves the propagation of atwisting disturbance along the length of the
bar. For a bar of constant cross-section, the equation of motion has the same form as in the
longitudinal case. The only difference is that the longitudinal displacement is replaced by the
angle at which the bar is twisted relative to its equilibrium state. The velocity of torsional
wavesis given as.

cr = || (1)

where J is the polar moment of inertia, and C is a constant which depends on the geometry of
the cross-section. For a circular cross-section there are simple torsional waves with speed
egual to a shear wave cs, independent of the radius R.

Bending waves are more complex than the preceding modes. This is due to the fact that in
this mode, both longitudinal and transverse components are coupled. The situation on a
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differential angular segment of a beam that has become bent in response to the application of
atransverseload is shown in Figure 2.4.
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Figure 2.4 A segment of abeam in pure bending (not in scale).

The lower part of the segment is compressed and the upper part is stretched. Between the top
and the bottom of the bar there is a neutral axis whose length remains unchanged. The neutral
axis coincides with the central axis of the bar if the cross-section is symmetrical about a
horizontal plane. It can be shown that a bent beam has a linearly distributed internal stressin
the x direction. Its value depends on the z coordinate:
ZE

Te=- (12)
The total internal bending moment M can be obtained by calculating the first moment of the
distributed internal stress. For arectangular cross-section this gives:

h/2
M = (‘)/\/zTXdz:-iwh?’E:-E (13)
b2 12 R R

The quantity denoted by the symbol | is the moment of inertia of the beam cross-section
taken with respect to the axis parallel to the width, lying in the neutral plane. The product El
is called as bending stiffness. For a rectangular cross-section the moment of inertiais given
by:
h/2
=0 z°wdz = iWh3 (14
-h/2 2

It is convenient to introduce the notion of radius of gyration of an areag:

2_1_.2 |
== g°dA =— 15
N A (15)

The radius of curvature R is not in general constant but is rather a function of the position
along the neutral axis. Generally, for MEMS devices, displacements u, are limited to small

values and flu, /fix <<1. Then we can use the approximate relation for the estimation of the
radius R:

R = [1 +(fu, /) ]?/ 1

16
Pu, /2 Tuy T 4o
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Many efforts had been devoted to obtaining and understanding the solution of the
transversally vibrating beam problem. There exist four principal beam theories that describe
beam behaviour with different degree of precison. The most detailed, Timoshenko model,
takes into account bending moment, lateral displacement, shear deformation and rotary
inertia. The equation of motion in its simplest form can be written as:

‘ﬂ4uX=_ 1 ‘ﬂzuX (17)

ﬂX4 gZC% 'ﬂt2

where c: is the extensional velocity and A the beam cross-section area. One significant
difference between this differential equation and the simpler equation for longitudinal waves
in the rod is the presence of a fourth partial derivative, rather than a second partial, with
respect to x. As aresult of this difference, transverse waves do not travel along the bar with a
constant speed and unchanging shape. Velocity of the propagation cz of a flexural wave of
sinusoidal vibrations with the angular frequency w can be written in the form:

2
2 =2 _(ks9) (18)

E
1+ (kg g)°

where kg = w/cg. Figure 2.5 shows as an example a velocity curve corresponding to a steel
bar.
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Figure 2.5 Phase velocity of flexural wavesin abar.

In many MEMS applications, we can suppose that the wavelength is large compared to
transverse dimensions of the bar, that is kgg << 1. In that case we obtain approximately:

Cg = 4/CLWQ (19)

Unlike the speed of longitudinal or transversal wave, that can be considered as independent of
frequency, the bending wave propagates with the speed that is proportional to (w)"2.

Therma conductivity in the transverse cross-section may be of interest in some MEMS
applications. A neutral line divides this cross-section into a region of compression and a
region of extension. There then arise two neighbouring regions with raised and lowered
temperatures, between which a heat exchange takes place. It can be shown that there is a
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frequency f; at which a maximum of thermal absorption can be observed. For a rectangular
bar of thickness h this frequency is:

fr = c2 P8 20
T Eoncr (20)

where gisthe coefficient of heat conductivity, C isthe specific heat, and r isthe density.

The genera solution of the equation of motion can be obtained by employing hyperbolic and
trigonometric identities as:

é WX WX WX . wxu
uy = cos(wt+f)gAcosh— +Bsinh— +Ccos— + Dsin—; (21)

where A, B, C, and D are real constants evaluated through the application of initial and

boundary conditions, specific to the nature of the beam support are defined. Since a generd

solution contains four arbitrary constants, two pairs of boundary conditions must be specified

at the ends of the bar. The boundary conditions may be defined either for the displacement u,
2 3

for the slope % , for the inertia g—lj , or for the shear %. If, for example, the end of the bar
X X

isrigidly clamped, both the displacement and the slope at the end must be zero at any timet.

Similarly, other forms of boundary conditions are shown in Table 2.1.

Bar End u Tu ﬁ ﬂ—%
x fix 2 x3
Clamped 0 0
Free 0 0
Hinged 0 0
Sliding 0 0

Table 2.1 Boundary conditions for flexural wavesin abar.

By applying the boundary conditions to the general solution given by the expression (21), we
can obtain the frequencies corresponding to the allowed modes of vibration for a specific
beam support. The table 2.2 gives the transcendental equations that must be solved in order to
obtain the modes of vibrations. From these equations we find the wave number K, and hence
the mode fregquencies f, of the system. The modes are given by the expression:
12
(- poaED” )
n — - n
212 gr %]

The quotients g,=2n/cg=2L/I , depend merely on the manner of fixing the bar and on the order
of the harmonic. The values of these quotients for the first few modes and for different beam
supports are givenin Table 2.2.

(22)
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Type of Beam Support Mode Equation Quotients g,

Free-free

Clamped-clamped coshKL coskKL =1 |3.0112,5,7,9, ...

Clamped-free coshKL cosKL =-1 |1.194,2988,5,7, ...
Free-hinged _

Clamped-hinged tanhKL —tanKL =0

Free-sliding _

Clamped-siding tanhKL + tanKL =0

Hinged-hinged sinKL =0 2,2.828, 3,464, 4, ...

Table 2.2 Different types of support of flexural vibrating bar.

It is generally worthwhile to make some simplifying assumptions regarding the dimensions
and boundary conditions. A commonly made assumption is that, although the edge of the
beam is clamped (built-in) to the support, it is approximated as being simply supported
(hinged). It is areasonable approximation if the thickness of the beam, h, is much smaller than
itslength, L. This condition allows rotational and longitudinal displacement at the edge.

One-dimensional Acoustic Systems

In MEMS devices, solid mobile structure elements interact with gas-filled elements, such as
tubes, dlots, cavities, etc. Their influence on the system behaviour is very important,
especialy in term of damping and stiffness. Generally these acoustic elements can be
considered as lumped if we take into account typical dimensions of MEMS structures
comparing to wavelengths of low frequency signals. In some other cases of either larger
structure dimensions or higher frequency range, the wave propagation through the acoustic
element must be considered.

We will show here the possible approach to the modelling of a plane wave in the cylindrical
tube. The model of a tube with an acoustic plane wave is similar to that of a bar with a
mechanical plane wave shown in Figure 2.2. One differential segment of this model
respecting viscous losses dr,, and thermal losses dr is shown in Figure 2.6.

dm_ drm

L ) i
pix) de, — dry plx+dx)

Figure 2.6 Equivalent circuit of a segment of atube with acoustic plane wave.

The elements of this equivalent circuit valid for a capillary tube of radius a have the following
values:
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_drg _ 8
dma—ﬁdx , drg _de
23
gpa? 1 szpaACp (23)
dca:—zdx , —=(g- 1)—2dx
roCo ot 8l Co

where ¢, is the sound speed in gas, | is the coefficient of thermal conductivity of gas, ¢, isthe
thermal capacity at constant pressure, r o is the gas density, U is the coefficient of viscosity
and gistheratio of specific heats at the constant pressure and at a constant volume.

2.2 Two-Dimensional Systems

Systems possessing two dimensions that are large in comparison to the third one are
represented by plates and membranes. The theory of vibrations of plates and membranes
constitutes a large branch of theoretical and applied mechanics, and there is no need to enter
into a detailed description here. We will provide here a brief introduction to this field and we
will present structures that may be found in MEMS design.

A membraneis alimiting case of a plate which is so thin that its stiffnessis very dight, and in
which the elastic properties of the system are determined by external forces, causing tension.
Two-dimensiona structures involved in MEMS devices have the features of plates. Often,
less exactly, they are called membranes.

Longitudinal Wavesin a Plate

The equation of motion for the longitudinal displacement uy in a plate has the same form as
Equation (1) valid for bars. The only difference concerns a phase velocity which is, in the

case of aplate, equal to:
E E
Cp = | —— ¢ :\/—P (24)
rl- s<) r

The quantity Ep is called plate modulus.

If the wavelength is similar in magnitude to a plate thickness, the elastic behaviour is more
complex. As the theory describing this case has been introduced for the first time by Lamb,
the waves propagated through plates of a thickness comparable to a wavelength are called
Lamb waves. There are two independent waves propagating in parallel to the plate faces. In
the first group there are waves with displacements distributed symmetrically around the plane
z=0. The second one involves waves with displacements distributed anti-symmetrically
around the plane z=0. These two forms, symmetrical and anti-symmetrical Lamb waves, are
schematically shown in Figure 2.7.
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Figure 2.7 Symmetric (@) and anti-symmetric (b) Lamb wave.

There is a finite number of Lamb wave modes that can be generated in a plate of a given
thickness and for a given frequency. This number depending on a plate thickness and on a
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frequency is obtained as a number of real roots of the characteristic equation that is obtained
from the wave equation solution. Each of these waves has its phase velocity, group velocity,
and stress and strain distribution profile.

The phase velocity is one of the fundamental characteristics of Lamb waves. Based on it,
stresses and strains can be calculated at each point of the plate. Phase velocities for
symmetrical (S) and anti-symmetrical (A;) Lamb wave for the silicon (100) wafer are shown
in Figure 2.8.
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Figure 2.8 Phase velocity for symmetric (S) and anti-symmetric (A;) Lamb wave.

For frequencies where the wavelength is great comparing to plate thickness, the phase
velocity is equal to the Expression (24). For wavelengths much smaller than plate thickness,
Rayleigh waves can be observed.

Transverse Wavesin a Plate

There are many MEMS applications based on atransversally vibrating plate. We will assume,
similarly asin the case of a beam, that the wavelength | is larger than the plate thickness h (I
>> h). Under this assumption we can consider that the transverse cross-sections of the plate
still remain planes in the presence of strains, and that no strains occur in the middle (neutral)
line. The wave equation of the vibrations of the plate can be written in the form:

e 2
a%+h1:(;)l§l"'u = RBE+MM (25)
g ity fit M2
In this equation, B is the stiffness of the plate for bending:
3
12(1- s°)

M is the mass of the plate per unit surface, h are the specific losses of the plate, R’ is the
mechanical resistance of radiation losses referred to the unit area. In the first approximation,
the losses are aimost proportional to 2u/?t. By assuming sinusoidal vibrations and a plate
without losses, Equation (23) can be written as the product:

(N2u+k%u)(ﬁl2u- k%u): 0 (27)
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where kg = w/cg. The Equation (24) represents two component waves, the first of which is
analogous to a propagating in a membrane. For a plate without losses (Rg = 0), the phase
velocity of this component is:

4
cg = — = w202 (28)

The second component is not related to the progressive wave, but represents a sinusoidal

changing of local bending of the plate, which diminishes exponentially with an increased

distance from the source. Due to this local reaction of the plate, it is not perfectly compliant

for the point-acting force and the additional stiffness occurs on bending. This mechanical
stiffness that does not appear in the case of a membrane (where B = 0), hasavalue:

8w
Sm = ———= 29
m (M B)_ 1/2 ( )

As in the case of bars, plates can be fixed on their edges in various ways. Generally, we can
consider a set of conditions shown in Table 2.1. In MEMS devices, depending on the
surrounding structure, a plate can be considered as clamped, and often, if its thickness, h, is
much smaller than its lateral dimensions, the plate can be approximated as being hinged.
Vibrations of arectangular plate are usually discussed in a system of rectangular coordinates,
X, y. The distribution of vibrations can be presented in the form of the product:

U= U ()uy (y) (30)

If the plate of dimensions a and b is simply supported (hinged) on its edges, displacement
components in x and y coordinate for any mode of vibration can be calculated from the
following expressions:

Uy = Uy max sinmexp(jvvt), m=123,...
a

(31)

Uy = Uy max sinn—?/exp(jwt), n=123,...

The frequencies of its free vibrations are given by:

2 24
fn = Eéa“—2+”_2jJE (32)

The calculation of vibrations of a clamped plate is more complicated. We will give here the
frequencies of vibrations corresponding to this kind of fixation:

k)z(rn + k2n / B
f = —y — 33
mn 2p M (33)

kim » (@2m+Dp/2a , ki, » (2n+Dp/2b (34)

where

The forms of first modes of vibration corresponding to the described plate fixations are
schematically shown in Figure 2.9. Figure 2.10. shows, for a better understanding, a shape of
two of these modes.

10
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Figure 2.9 First vibration modes of a clamped rectangular plate.
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Figure 2.10 Shape of modes 11 (a) and 22 (b) of a clamped rectangular plate.

Although straight lines and rectangular shapes are typical for microelectronic design, circular
forms are sometimes preferred because of their easier solution and symmetrical behaviour. In
some cases, if the solution in the rectangular coordinates is lacking, we can thus apply a
solution for a circular form to a square one as a first approximation. Harmonic vibrations of a
plate are determined by the product of the circular and the radial distribution.

u=uuj@) (35

The general formula for frequencies of free vibrations of plate with the radius a takes the
form:
_ b |B
fron = pye) M Emn (36)
The values of the coefficient ey, for first modes of vibrations of a clamped circular plate are
givenin Table2.3.

m=0 m=1 m=2

n=1 | 1015 |1468 |1.879

n=2 | 2007 |2483 |2992

n=3 | 3.000 |3490 |4.000

Table 2.3 Coefficients ey, determining modes of vibrations of a clamped circular plate.

For a supported plate, the coefficient ey, corresponding to the mode 01 is equal to ey = 0.507.
We can deduce, from the comparison of the corresponding coefficients related to a clamped

11
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and supported circular plate, the ratio of the corresponding frequencies which is
approximately equal to 2.

The knowledge of the distribution of stresses generated in the plate during bending is
important in some applications. This helps in placing of piezoresistive gauges in a pressure
sensor design for example. There are two stress components in plates. If we consider a
clamped circular plate of a radius a and thickness h under the pressure p, the radial and
tangential stressis:
r2u
e(1+s) (3+ s)—u (37)
a’ s

3pza

T =

2
3pza e(1+s) a+35)"4 (38)

a’ s
In these two expressions, r and z are the radial and vertical coordinate, respectively. The value
of z =0 corresponds to a central plane of the plate.

Ty =

It should be emphasized that there is an effect of co-vibrating air on a plate mass plate and
resistance. Under the assumption that the whole surface of the plate vibrates in phase like a
piston, the values of additional mass and mechanical resistance can be calculated from a real
and imaginary part of the radiating impedance. Vaues of area part Ry, and imaginary part X4
of aradiation impedance of acircular plate and corresponding mass, m are the followings:

4.6 3 3
Rq ~ rw a , Xd~8vvra’ m~8r_a, for ka<<1
27pce 3 3 (39)
~pa’rc, X4 ~0, m~ 0, for ka>>1

2.3 Three-Dimensional Systems

It is necessary, for a complete study of the propagation of mechanical waves in an anisotropic
solid body, to describe its el astic properties in three dimensions. Such a description is done by
means of a stress-strain relation. Since both stress and strain are second rank tensors, the most
genera linear relationship between stress and strain is a fourth rank tensor. We will define
stress, strain and elastic coefficients that relate them. Later, we will describe briefly different
types of waves that can propagate in solids.

The stress T is defined as the force dF per unit area dA acting on the surface of a differential
volume element of a solid body. We can see in Figure 2.11 that there are three stress
components on each surface of the element. Each of these components can be written in the
following form:

di .
Tk = dATI i,k = x,y,z (40)

k

where dF; is a force component acting on the element surface dAy. Stress components Ty, Ty,
and T, perpendicular to adifferential plane, are called normal stresses. Stresses acting along
the faces are called shear stresses. They are labelled with double subscripts, for example Ty,
the first subscript identifying the face and the second one identifying the direction.

12
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A
y

Figure 2.11 Stress components acting on adifferential volume element.

Generdly, stress is second rank tensor having nine components. In order to satisfy static
equilibrium of the differential volume element, shear stresses are symmetric (Tixk = Ty). This
fact reduces the number of components of stress tensor to six and the matrix notation
according to the following expression can be used.

eT]_U é TXX |:,,|

é a

eT2u é Tyy 1

€0 & T, U
Ml=e’a=e 5 q (41)

é'40 eyz” 'zyu

eTsu €Ty, = T U

(D!
NC
> (D>
N C

elell  8xy = Tyxg

When forces are applied to a solid body, it can be deformed. The differential deformation is
called strain, expressed as change in length per unit length. The strain tensor in the matrix
notation is shown in the following expression.

€S0 éSxU é/fx 0 0 q

bl €c U & G

&2 eédwa &0 Ty 0y 610

&S, €S,0 é 0 0 T/7z4a "y
g =é83G=67%0=¢ Sy 42
5 S S e 0 W 1/9y5 €V (42

0 @5;0 &tz o g/ B

u e
&8 @Sy &y T/ 0 g

In an ideal elastic body that is not piezoelectric, there exists a relation between stresses and
strains that is given by a fourth rank tensor that in its most general form has 81 components.
However, because of various symmetry arguments, there are many constraints among the 81
components, and, in every real material, thereis amaximum of only 21 parameters describing
its elasticity. These parameters can be written as elements of a square 6x6 symmetrica
matrix. The stress-strain relation can be written in aform of the generalized Hooke' s law as

[l =[lls . [ =[] (43)

13
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where [c] is a stiffness matrix and [s] is a compliance matrix. The number of 21
independent nonzero coefficients is reduced in many materials of practical interest. For
example, in cubic materials such as a single-crystal silicon, there are only three independent
guantities, and a great deal of symmetry. The stiffness coefficients of silicon are

€1 C2 ¢ 0 0 040
é G
&2 €1 ¢z 0 0 0
&p 02 ¢u 0O O OU
d=¢5 5 & o ol (44
e e G
€0 0 0 0 cy OU
é 0
§0 0 0 0 O cuf

The compliance matrix has the same form as the tiffness matrix; the nonzero stiffness
coefficients are just replaced by the corresponding compliance coefficients. In the case of an
isotropic material, elastic matrices have the highest degree of symmetry and have only two
independent quantities. The Lamé's coefficients, | and p, are often used to describe the
elastic properties of isotropic materias. The stiffness coefficients of an isotropic material has
the form

4+ | |0 0 oy
S! 1+ 1 00 0f
& | | 1+210 0 0 00
fl=¢ . , o L4 (45)
é R
é 0 0 0O 0 u ou
e u
g 0 0 0 0 0 uj

In technical practise, Young's modulus and Poisson’s ratio are more often used to describe
material elastic properties. The relations between two couples of independent elastic constants
are asfollows

_ k@3 +2u) g = |
| +p 2(1 +p)
In Table 2.4, materia constants that are currently used in microsystems are listed.

The dependence on the doping concentration, on the fabrication process, and on the isotropic
degree explains the value ranges of elastic constants shown in Table 2.4.

E (46)

Stiffness .
. Coefficients Young's Shear Modulus Pmssgn’s Density
Material [GPa] Modulus G [GPa] Ratio ¢ [10°kgm ]
E [GPa] s [-]
Ci1 Ci2 Cas
Silicon (Si) 1656 | 639 | 79.5 132-190 54-91 0.04-0.23 2.329
Polysilicon - 163-175 66-72 0.21-0.23 2.3
Oxide (SiOy) - 57-92 22-35 0.3 25
Nitride (SizNy,) - 270-310 106-125 0.24-0.27 3.1
Gold (Au) 186 157 42 785 42 0.42 19.3
Aluminium (Al) | 106.9 | 62.6 | 285 70 28.5 0.34 2.7

Table 2.4 Elastic constants of some materials used in MEMS.

14
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VolumeWavesin Solids

Longitudinal and transverse wave are the only two types of volume waves that can be
generated in an infinite isotropic solid body. The longitudinal waves, called also P (primary)
waves have the particle displacement in parallel to the wave propagation. The phase velocity
of the longitudinal wave can be written as a function of the Y oung’s modulus, Poisson’s rétio,

and density as.
_ EQ- s)
°L = \/r(1+s)(1- 25) “n

In transverse waves, called aso shear waves, or S (secondary) waves, the particle
displacements are perpendicular to the wave propagation. The phase velocity of the transverse
wave can be written, based on the longitudinal velocity and Poisson’sratio, as:

B - 2s)
Cr = CL,/(Z_ 2s) (48)

Sur face Waves

Rayleigh derived theoretically that a wave can propagate along the surface of a semi-infinite
solid with a single boundary. In this surface wave, also called Rayleigh wave, the particles
exercise an elliptica movement. The particle displacement can be decomposed in two
components, longitudinal, uy in parallel with the surface, and transversal, u, perpendicular to
the surface. There are other types of surface waves specific to different boundary conditions.
There is, for instance, Bleustein-Gulyaev wave that is a transversal wave propagating on the
surface of a piezoelectric semi-infinite solid. Lamb waves may be considered as a particular
case of a surface wave propagating in a solid material limited by two planes whose distance is
smaller than the wavelength. Stoneley waves can be generated at the surface of two semi-
infinite isotropic solids. Love waves are transversal waves that can propagate in a thin layer
deposited on a substrate.

Rayleigh wave velocity in a homogeneous substrate can be considered as frequency
independent, for any practical situation, and can be approximated by the following
expression:

0.87 + 1.12s

CR = CTﬁ (49)

Expression (49) shows that the Rayleigh speed cr is higher than the transversal speed cr.
Assuming that the value of the Poisson’s ratio can theoretically be in the interval from 0 to
0.5, the Rayleigh speed can vary from 0.87 ¢t to 0.96 cr.

In an anisotropic solid, the velocity of the surface wave depends on the direction of
propagation. The pure Rayleigh wave mode can appear only on specific crystal planes and in
specific directions. Rayleigh waves propagate with a relatively small attenuation. The
amplitudes of both components, longitudinal and transversal, decrease exponentially with the
distance from the surface. The variation of relative amplitudes U, and U, as a function of the
normalized distance z/l r in the case of a silicon crystal in the direction of propagation [100]
on the plane (001) is shown in Figure 2.12.
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Figure 2.12 Components of particle displacement in surface wave in silicon.
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